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■ Abstract 



We show that boundary states in the generic on-shell background satisfy a universal 
nonlinear equation of closed string field theory. It generalizes our previous claim for the 
flat background. The origin of the equation is factorization relation of boundary conformal 
field theory which is always true as an axiom. The equation necessarily incorporates the 
information of open string sector through a regularization, which implies the equivalence 
with Cardy condition. We also give a more direct proof by oscillator representations for 
some nontrivial backgrounds (torus and orbifolds). Finally we discuss some properties of 
the closed string star product for non-vanishing B field and find that a commutative and 
non-associative product (Strachan product) appears naturally in Seiberg-Witten limit. 
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1 Introduction 



Since its discovery, D-brane has been one of the central objects of interest in string theory. It 
represents fundamental nonperturbative features and is an analog of the soliton excitation in 
string theory. 

In conformal field theory, the D-brane is described by boundary state. It belongs to the closed 
string Hilbert space and is implemented by the boundary conditions such as, 

9 T X M | r=0 |i?) Ncumann = , Or 9 o -X At | T=0 |-B)Dirichlct = . (1.1) 

These equations determine the state \B) up to normalization constant. The information of the 
open strings which live on D-brane can be extracted from \B) after modular transformation, 

(B\q^( Lo+L °-^)\B) = Tv Hopcn q L °~^ , q = e^ 2/l ° eq . (1.2) 

For more generic (conformal invariant) background where we can not use the free field oscil- 
lators as above, the boundary condition can be implemented only through generators of Virasoro 
algebra, 

(L n -L. n )\B) = 0. (1.3) 

This condition is universal in a sense that it does not depend on a particular representation of 
Virasoro algebra which corresponds to the background. 

This linear equation, however, is not enough to characterize the D-brane completely. We need 
further constraints that the open string sectors derived from them should be well-defined. More 
explicitly, take two states \Bi) (i = 1,2) which satisfy eq. (|1.3j) . The open string sector appears 
in the annulus amplitude after the modular transformation can be written as, 

Xu(q) = {B 1 \q^ i ^)\B 2 ) = ]T A/? 2 x 4 (g) , (1.4) 

i 

where Xi are characters of the irreducible representations in the open string channel. In order to 
have well-defined open string sector, the coefficients N[ 2 must be non-negative integers. This is 
called Cardy condition [I]. We note that these are non-linear (quadratic) constraints in terms of 
the boundary states. 

These conditions (11.31 II. 4j) are written in terms of the boundary conformal field theory. In 
this sense, it is at the level of the first quantization. In order to consider the off-shell process, 
such as tachyon condensation, we need to use the second quantized description. One of the 
strong candidates of the off-shell descriptions of string theory is string field theory. Therefore, 
it is natural to ask whether one may derive conditions which are equivalent to (|1.3I II. 4|) in that 
language. 
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There are a few species of string field theories. The best-established one is Witten's open 
bosonic string field theory |2j. In terms of this formulation, the annihilation process of unsta- 
ble D-branes was first studied extensively and it established the idea of "tachyon vacuum" by 
computation of the D-brane tension numerically [Hj. 

In this paper, however, we do not use this formulation since the dynamical variables of open 
string field theory depend essentially on the D-brane where the open string is attached. Since 
our goal is to find the characterization of generic consistent boundaries, this variable is not 
particularly natural because of this particular reference to the specific D-brane. 

Since the boundary state belongs to the closed string Hilbert space, we will instead take the 
closed string field theory as the basic language. With closed string variable, the description of 
the linear constraint ()1.3|) is trivial: (L n — = 0. On the other hand, the description of 

the Cardy condition (jl.4j) is much more nontrivial since it is the requirement to the open string 
channel which appears only after the modular transformation. Furthermore, it is a nonlinear 
relation. If it is possible to represent it in string field theory, one needs to use the closed string 
star product to express nonlinear relations. 

There are two types of closed string star products which have been studied in the literature. 
The first one is Zwiebach's star product which is a closed string version of Witten's open string 
star product |3J E] and the other one is a covariant version of the light-cone string field theory 
(HIKKO's vertex) They are defined through the overlap of three strings as depicted in 
Fig. [T] These vertices are constructed to define the closed string field theories proposed by these 




Figure 1: Closed string vertices 

authors. In this paper, however, our main focus is the algebraic structure between boundary 
states. Indeed, the nonlinear relation which we are going to study holds for both of these two 
vertices. In a sense, our relation does not seem to be a consequence of their proposed action 
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at least at this moment but rather comes directly from the basic properties of the boundary 
conformal field theory. 

The nonlinear equation has been proposed and studied in our previous papers El EI] • It 
can be written as an idempotency relation 1 among boundary states, 

$ * $ = CT B l 4§, ($ = Co b+\B) , T B ee (0|c_ lC _ lC o \B)) , (1.6) 

where Tg is the tension of the D-brane associated with the boundary state \B). In the first 
paper j7j, we proved it for the usual Dp-brane boundary states for $ and HIKKO vertex for 
*. A surprise was that this equation is universal for any boundary states which we considered 
including the coefficient C jHj • The proof is based on an explicit calculation with the oscillator 
representation [Oj. In the second paper jH], we gave an outline of the proof of the same equation 
for Zwiebach's vertex. The equation takes the same form for these two vertices except for the 
overall constant C. From these observations, we conjectured that eq. (|1.6|) is a background 
independent characterization of the boundary state. 

Toward that direction, in [Hj, we used the path integral definition of the string field theory in 
terms of the conformal mapping ^3] and tried to prove the relation in the general background. 
After some efforts, we have arrived at a weaker statement: suppose \B±) (i = 1,2) satisfy the 
linear constraint (|1.3|) . the state \Bi) * \B 2 ) also satisfies the same constraint. It proves that 
product of any boundary state in weak sense becomes again boundary state in weak sense. This 
does not, of course, imply the Cardy constraint (jl.4|) and, in particular, we could not understand 
the role of the open string sector. 

One of the purposes of this paper is to discuss the link with open string which was missed in 
our previous studies and establish more explicit relation between (jl.6j) and the Cardy condition. 
A crucial hint to this problem is that the coefficient C in the relation (jl.6j) is actually divergent 
and it is necessary to introduce some sort of regularization in the computation. In [ZJ, we cut- 
off the rank of Neumann coefficient by K. Then the divergent coefficient behaves as C ~ K 3 . 
In LPP approach, on the other hand, another type of the regularization can be introduced by 
slightly shifting the interaction point on the world sheet. Such a shift gives a small strip which 

1 This equation takes the form of the projector equation of C* algebra. It reminds us of the fact that the 
topological charge carried by the D-brane is given by the K-theory ^H]- In the context of the noncommutative 
geometry, an element which represents a K-theory class is given by the projection equation 

4>*4> = 4>, (1.5) 

where * is the product of the (noncommutative) background geometry. Solutions of this equation are called 
noncommutative soliton |12| . Later, even in the bosonic string which does not have RR charge, it was argued 
[T3| that the noncommutative solitons still represent unstable D-branes. Topological charges of D-branes are 
represented in terms of the projector </>. For instance, the D-brane number is related to the rank of <fi. 
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interpolates between two holes associated with the boundary. In the limit of turning-off the 
regulator, the moduli parameter which describes the shape of the strip becomes zero. This is the 
usual factorization process where the world sheet becomes degenerate [Ej. An essential point is 
that such a factorization process occurs in the open string channel between the two holes. In this 
way, the equation for the string field (jl.6|) can be related with the consistency of the dual open 
string channel. The leading singularity comes from the propagation of the open string tachyon 
which is universal for any boundary states in arbitrary background and it explains our claim 
that the divergent factor C is also universal for any Cardy states. 

This outline will be explained in detail in section 2. We will also repeat our previous discussion 
jH] that only the boundary states can satisfy the equation (jl.3j) . By combining these ideas, it 
will be obvious that the nonlinear equation (jl.3j) plays an essential role to understand D-branes 
in the context of string field theory. 

At this point, it may be worth while to mention that our claims are remarkably similar to 
the scenario conjectured in vacuum string field theory [E]- The form of the equation is exactly 
the same except that the dynamical variables and the star product are totally different. There 
is no nontrivial solution in the vicinity of $ = and the non-vanishing solutions correspond to 
D-branes. In a sense, our equation is an explicit realization of VSFT scenario in the dual closed 
string channel. While the dynamical variables is closed string field, the physical excitations 
around the boundary state are on-shell open string mode [7J |K| • 

Our discussion in section 2 is based on the path integral and the argument becomes necessarily 
formal to some extent. In this sense, it is desirable to check the consistency of the argument in the 
oscillator representation for some non-trivial backgrounds. Fortunately, there are explicit forms 
of the three string vertex for (1) toroidal T d and (2) orbifold T d /Z2 compactification [T7| I18j. 

In both cases, the three string vertex has some modifications compared to that on the flat 
background R d jH]. One needs to include cocycle factor due to the existence of winding mode 
and take into account the twisted sector in orbifold case. The cocycle factor is needed to keep 
Jacobi identity for the * product of the closed string field theory. In section 3, we perform explicit 
computation of * product among the boundary (Ishibashi) states. For torus case, there appear 
extra cocycle factors in the algebra of Ishibashi states and some care is needed to construct Cardy 
states as idempotents of the algebra. For the orbifold case, mixing between untwisted sector and 
twisted sector is needed to describe the fractional D-branes. The ratio of the coefficients of the 
two sectors is given as the ratio of the determinants of the Neumann matrices for the (un)twisted 
sectors. We use various regularization methods to calculate them explicitly. This result is 
consistent with our previous arguments 

Finally, the third issue which will be discussed in section 4 is to incorpolate the noncommuta- 
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tivity on the D-brane. We have already seen in [7j that non-commutativity on the world volume 
of the D-brane forces us to use the open string metric to write down the on-shell conditions. 
This is possible since the explicit form of the boundary state is known for such cases. On the 
other hand, for the noncommutativity in the transverse directions, it is difficult to express in 
the language of the boundary conformal field theory. This is, however, an important set-up for 
matrix models or noncommutative Yang-Mills theory. 

A motivation toward this direction is our previous study jH] where we have seen that an analog 
of the noncommutative soliton arises in the commutative limit. We note that the idempotency 
relation for the Dp-brane takes the following form in the matter sector, 

\B,x ± )^\B,y ± )=C d 5 d ~ p ~\x ± -y ± )\B,y ± ) , (1.7) 

where x x , y L are the coordinates in the transverse directions. In order to recover the universal 
relation (jl.6|) . we need to take a linear combination, 

\B) f = j ' d d ~ p - 1 x ± /(x ± )|5,x ± ) . (1.8) 

Eq. 1)1.6)1 then implies f 2 (x ± ) = f{x L ) which is the same as (jl.5J) in the commutative limit. It 
is, therefore, tempting to study what kind of modification will be necessary in the presence of B 
field. 

In order to study it, we consider a particular deformation of Ishibashi states which seems to 
be relevant to describe the noncommutativity along the transverse directions. We take the star 
product between them and take Seiberg-Witten limit. The constraint for / is deformed to the 
following form, 

(fof)(x ± ) = f(x ± ) , oee^I, ^= l -te^ 3 . (i.9) 

This o product is commutative but breaks associativity. It appeared in mathematical literature 
[T9*] and is related to the loop corrections in noncommutative super Yang-Mills theory [20] • The 
appearance of such deformation seems to be natural since the star product of two boundaries is 
topologically equivalent to one loop from the open string viewpoint. 

2 Idempotency relation in generic background 

In this section, we prove the relation (jl.fi j) in the generic background by using a sequence of 
conformal maps. Our proof depends only on a generic property of the boundary conformal field 
theory — factorization — which should be satisfied axiomatically in any BCFT. Our discussion 
also shows a clear link between the Cardy condition and the idempotency relation. 
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2.1 * product and factorization 

The factorization is a general behavior of the correlation functions of the conformal field theory 
defined on a pinched Riemann surface. The relevant process for us is the degeneration of a strip 
between two holes where the correlation function behaves as 

(0 ...)^^ ( O...A t ( 2l )A(^))g Al (2.1) 

i 

where % is the label of orthonormal basis of the open string Hilbert space between two 

holes and A, is the conformal dimension of Aj. The open string channel depends on the boundary 
conditions at two holes, q is a real parameter which describes the degeneration of the strip and 
Zi t 2 are the coordinates of the two points along the boundary where the two ends of the strip are 
attached (Fig.EJ). 




Figure 2: Factorization associated with merging two holes. 

In the star product, such a degeneration of a strip appears as we explained in our previous 
paper H- It comes from combining the geometrical nature of the boundary state as a surface state 
and three string vertex. In order to explain the former, we consider an inner product between 
a closed string state \x) and a boundary state: (B\x)- On the world-sheet, it is equivalent to 
the one-point function on a disk (x(0)) with the boundary condition at \z\ = 1 specified by 
the boundary state. If we map from the sphere to a cylinder by a conformal transformation, 
w = logz = r + ia, the geometrical role of the boundary state can be summarized as follows: 

(Fig. ED 

1. cut the infinite cylinder at r = and strip off the region r > 0, 

2. set the boundary condition specified by \B) at the boundary. 

We combine this property of the boundary state with that of the three string vertex, which 
is represented by Mandelstam diagram (Fig. HJ-a) for HIKKO type vertex. The matrix element 

■ ($ 2 * ^3) corresponds to putting three local operators (i = 1,2,3) at the ends of three 
half cylinders. 
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<B| |<D> 



Boundary 



10) 

Figure 3: Geometrical interpretation of boundary state as a surface state. 



(a) 

<B| 
<B| 



(b) , (c) 

Boundaries 




V2 



Figure 4: (a) Putting boundary states at two legs of trousers that is associated with three string 
vertex, (b) Stripping two legs at the origin, (c) Shifting the interaction point as a regularization. 
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As we see previously, the boundary states are not described by local operators but should 
be interpreted as the surface state. To take the product of two boundary states \B) * \B) is 
then geometrically represented as the Mandelstam diagram whose two legs are stripped at the 
interaction time r = (see a Fig. lU-b). 

This configuration is, however, singular since two boundaries are attached at one point (inter- 
action point) and we need a regularization to obtain a smooth surface. A natural regularization 
is to shift the location of the boundary slightly, for example at r = Ti/2 > (Fig. HJ-c). As we 
see later, this is equivalent to a cut-off of the Neumann matrix with finite size K which was used 
in our previous paper [Jj. The correspondence of the regulator turns out to be K ~ r^ 1 . With 
this regularization, the world-sheet becomes a cylinder with one vertex operator insertion. The 
limit T\ — ► is equivalent to shrinking a strip of this diagram and reducing it to a disk. We can 
use the discussion of factorization as, 

\B) * T1 \B) = Y,<l Ai M°i)M°2)\B) , (2.2) 

where again Ai(ai) belongs to a set of orthonormal operators in the open string Hilbert space with 
both end attached to a brane specified by \B) and are the coordinates along the boundary. 

For the consistency of boundary states of the bosonic string, the lowest dimensional operator 
in the Hilbert space is always tachyon state which is written as, |0) m <g> Ci|0) gh where |0) m ' gh are 
SL(2,R) invariant vacuum for the matter and ghost. The conformal dimension of this state is 
— 1. Other terms depend on the detail of the boundary state but they always give less singular 
terms as q — > 0. Similarly, if we ^-multiply two different boundary states \Bi) * I-B2), the open 
string sector is described by the Hilbert space of the mixed boundary condition and the lowest 
dimensional operator always has a dimension A greater than 0. This simple argument then 
implies, 

\B a ) -k \Bp) ~ q~ l c(o~i)(cdc)(o~2)&ap\Bp) + less singular terms in K . (2.3) 

Although the less singular terms do depend on the background and boundary state, the first 
term is universal. As we see, the precise structure for ghost and singularity is more involved due 
to the ghost insertions in the three string vertex and the singular behaviour themselves should 
be modified in order to obtain the precise agreement with the oscillator computation. 

2.2 Computation by conformal mappings 

In order to see the degeneration in detail, we consider three surfaces which can be related with 
each other by conformal mappings (Fig. |SJ-a,b,c). The first one is the regularized version of the 
Mandelstam diagram for the star product of two boundary states (Fig.|U-a). A natural coordinate 
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Figure 5: (a) (reguralized) string vertex with two boundary states; (b) a cylinder diagram; (c) 
a disk diagram with operator insertions. 

for this diagram is p = r + ia (r > 0, — not < o < ira). The interaction point is p = T\/2 ± moL\, 
(0 < a i < a) and the parameter n > is introduced for the regularization. 

This diagram has two holes together with one vertex operator insertion at infinity Since it is 
topologically annulus, it can be mapped to the standard annulus diagram (Fig. |SJ-b). A complex 
parameter u (|Re(u)| < 1/2, —t/2 < Im(w) < 0, f := it) is a flat complex coordinate and f is the 
moduli parameter. These two diagrams are related with each other by a generalized Mandelstam 
mapping EHE2], 

— Z\\f) 

p(u)=am— — 2ixia.\u . (2.4) 

■dxiu - Z 2 \t) 

We note that it can be extended as a mapping between the doubles of above diagrams, i.e., a 
torus — | < Re(n) < |, —t/2 < Im(n) < t/2 and corresponding Mandelstam diagram. The 
parameters Z 12 := =p/?f/2 are mapped to the infinities Re(p) = =Foo. The interaction point 
Ti/2 =F i7rai is mapped to z± = ±| — ry. There is a set of relations among parameters 

P=--, (2-5) 
a 

a $2(T{-p/2-y)\T) 

g 2 (f(-(3/2 + y)\f) + g 2 (f(-/3/2 - y)\f) = 2ni(3 , (2.7) 
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where ^(^(t) = <9„ln$2(H r )- I n the degenerate limit t\ — > 0, these are reduced to, 



J/~t, e— = q 1 ' 1 ~ - . (2.8) 
4 8a sm(— 7rpJ 

The third diagram (Fig. 0-c) is disk-like diagram with two short slits. It is parametrized by a 
complex coordinate w with \w\ < 1. The relation with the Mandelstam diagram is very simple, 

w = /(p) = exp(-p/a) . (2.9) 

Two slits are located at x± = exp(±7uai/a) = exp(=p7ri/3). 

Each diagram has its own role in the computation of \B) * \B). Firstly, the Mandelstam 
diagram gives the definition of the star product. The expression, 2 

T = ({B X U fo+c- * (B 2 \^b+c, ) |0) {{B\ T = (B\e- T ^ +L ^) , (2.10) 

can be evaluated as the one point function of <fi inserted at r = oo in p-plane with two boundaries 
defined by \B\*t). b$ insertion is used to cancel Cq factor contained in the boundary state and 
to set the ghost number to be two. The ket vector \<p) = 0(0) |0) has ghost number two as usual. 
If we map it to the standard annulus diagram (Fig. EJ-b), it can be rewritten as, 3 

T = a 1 a 2 {B l \qi> L '* l ">b;(p- l o4,)(Z 2 )b;\B 2 ), (2.11) 

h '-j^(tT + C - C - (2 ' 12) 

We need to evaluate this expression in the limit f — > and take the conformal transformation 
to disk diagram (Fig. [SJ-c) . 

As we have argued, taking the limit corresponds to taking the lowest dimensional operator 
in the open string channel. Therefore, one can rewrite T in this limit as, (after the conformal 
map to w plane), 

T ~ 5 l2 (B\bi + bl + (g o c )(x + )(g o cdc)(xJ)\<f>) , (2.13) 

where x± = e^ ml3 are the locations of tachyon insertions and g = fop. b l ^~ and bfj~ are 
the conformal transformations of b^ along two boundaries. The ghost insertions become very 
complicated but we have already proved in the oscillator formulation [7j that 

(B\bl + b 2 +(g o c){x + ){g o cdc)(x.) ~ (Bfa . (2.14) 



2 We use the notation bg = bo + bo, = cq — cq and b^ = |(&o — bo), Cq" = \{cq + Co). The extra ghost zero 
mode Cq is needed for our convention of the HIKKO * product. Here, we assign the string length parameter 
oti, a2 — a — a.\{> 0) to each string 1, 2 in order to use the HIKKO 3-string vertex. 

3 The prefactor a\a2 comes from the conformal factor (dvur/dp) -1 (r — 1,2) in gluing the local disks (in 
uv-plane) which represents strings 1 and 2 to p-plane in Fig. [SJ-a. 
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In order to fix the coefficient, we take the simplest example, 
sides of the equation. 



ciCi|0) and calculate both 



It is convenient to divide the computation into matter and ghost sectors. Let us first consider 
the matter part. The vertex operator for \<p) is simply 1. The inner product between two 
boundary states is 



Lq+Lq- 



12 / |.B™) = q 24 5 12 + (higher order in q) 



(2.15) 



where we have supposed that these boundary states |-B™), \B™) satisfy Cardy condition and used 
the leading behavior of the character of identity operator Xi(o) — q~^ (q —> 0). On the other 
hand, the right hand side becomes, 

(B?\0)=T B2 . (2.16) 

Namely the tension for the D-brane |23| . 

For the ghost part, we compute T (j2.11|) with <fi = cc and take the limit of f — > +i0 after 
modular transformation. In order to compute explicitly, we map the w-plane to p — 1i\iu such 
that p-plane becomes closed string strip with period 2tt in the Imp direction and then we expand 
the ghosts as 



KP) = ^2 ^ ^ ' = X] Cn€ ^ ' { &n ' °m} = <Wm,0 



(2.17) 



and similar ones for b(p) and c(p). Using the property of the boundary states in the ghost sector: 
(b n — b_ n )\B) = 0, we calculate ghost contribution for T (|2.11|) as 



3~ n j 



4aia 2 (27r)' 



Cl 2ni dp 



du2 du2 
c 2 2m dp 



du 



dm? 



du 



Ul3=0 



dw? 



ws=0 



(B\qK Lo+Lo+ ¥ )b(2iriu 1 )c(2iriZ 2 )c(-2iriZ 2 )b(2iriu2)\B) 



(2.18) 



in 



(Ci and C2 are given in Fig. 0-b.) Here the conformal factor C C c for cc (given by [■ • • 
the integrand) can be evaluated using the Mandelstam map ()2.4j) with p(u) = c^logu^ (a^ = 
—aii — ot 2 = —a) for string 3 region where (f) is inserted: 

-2 

- 2| - | - 2 (sin 7T/5)" 2 , (f->+i0). (2.19) 



a 



A(Z 2 -Zi\f) 



*i(o|f) 



7T T 



We have used modular transformation for ^-function in order to obtain the last expression. The 
above inner product (B\ ■ ■ ■ \B) is computed straightforwardly: 



\B\q~2 



^!b{2TTiui)c{2niZ2)c{-2TTiZ2)b{2-Kiu2)\B) 
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—I 
8^ 



- e 2 ™™) 2 [ gi ( Ul - Z x \f) - gi ( Ul - Z 2 \f) - 9l (u2 - Z ± \f) + 9l {u 2 - Z 2 \f) 



n=l 



r)(f 



^2 



lira au au 

where we have used 

00 Jlninr 



(2.20) 



gMr) ■= = 7rcot^ + 4 7 r^ T — 5—8111(2™) , (2.21) 



n=l 

00 



L := ^ n(c-nb n + b_ n c n ) - 1 , L := ^ n (c-nK + b^ n c n ) - 1 , (2.22) 

n=l n=l 

and adopted the normalization as: 

\B) = e S"=i( c -» S -»+ 5 -« 6 -™) c +cic 1 |0) , (0|c_ic_ic 5 cici|0) = 1 . (2.23) 

We note that (|2.2(J|) corresponds to (5.16) in j22] which was calculated as the correlation function 
at the 1-loop of open string, as expected. We perform contour integration for 6-ghost in (J2.18|) 
and reduce it to evaluation of the residue at the interaction point z± on w-plane, where ^ = 0, 
by deforming the contour C\ + C 2 : 

T c , = ^^C c5V (f) 2 n, (2.24) 
a 

-1 



K 



/) = I W*t - Zi\f) - g[(z± - Z 2 \r)Y x . (2.25) 



In the degenerate limit, using (|2.8j) . the above residue 71 behaves as 

71 ~ ^(logg)" 2 ^-. (2.26) 
4a sm 7rp 

Then, from /7(f) 2 = if~ lr q( — \/f) 2 ~ |f| _1 e ^ and ()2.19|) . the ghost contribution to T with 
4> = cc is evaluated as 

/ -1/2^ 3 

-ol\Ol 2 N 13 / q ' 



^~-^(log?)^ ^ (2.27) 
16cr \sm7rp / 

in the degenerating limit. On the other hand, the inner product of the right hand side of (|2.14j) 
and 4> = cc gives 

(B|coc 1 c 1 |0) = l, (2.28) 

in the ghost sector. 
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After combining contributions from the matter and the ghost sector, we note that there is a 
constraint a = 2p + in order to get physical amplitudes [21]. Namely, the string length parameter 
a should be identified with a light cone momentum p + . It gives extra factor (logg) -1 compared 
to the right hand side in (|2.15jl . (See, (5.41) in j22j-) Taking into account of it in open string 
description, T f!2.11|) is evaluated as 

ot.\OL<i 26^c / q' 1 / 2 \ 3 

Fee ~ 5l2 77 2 Q 24 76 

~ 325 12 a 1 a 2 (a l + a 2 )rf 3 , (2.29) 

where we have substituted c = 26 as total central charge in the matter sector and used (|2.8|) in 
the second line. 

After all, using the above results: ()2.29j) . (j2.16j) and ()2.28j) for (j) = cc, we can evaluate the 
proportional constant of B\ * B 2 oc Si 2 B 2 for Cardy states: 

((B^b+cr *(B 2 \^b+Cu) \<f>)/(B 2 \b+CvC+\(f)) ~ 32 S 12 a 1 a 2 (a 1 + a 2 )r{ 3 T B ^ , (2.30) 

with regularization parameter T\. This implies C ~ 32 <5i 2 «ia 2 (ai + a 2 )r 1 ~ 3 in (|1.6p and is 
consistent with the result in jS] by identifying a regularization parameter n with if -1 [H]. 



2.3 Algebra of Ishibashi states and fusion ring 

Before we proceed, we point out that the idempotency relation implies that Ishibashi state 
satisfies a simple algebra with the * product. We have discussed such relation in our previous 
paper [H] by assuming the relation for the generic background. Since it is proved in this paper, 
it is worth mentioning the result again with a slight generalization. 

We focus on the matter part of the idempotency relation (jl.6|) which may be written as, 

\a)*\b)=q-^5 ah T- 1 \b). (2.31) 

Here q (— > 0) is a regularization parameter which was introduced in the previous subsection. The 
factor q~^i will contribute, when we combine it with ghost fields with other matter sector, to a 
universal divergent factor. We will therefore drop it in the following discussion to illuminate the 
nature of the algebra. 

For the rational conformal field theory, the relation between Cardy state with Ishibashi states, 
(with slight generalization after eq. (2.10)), 

l a > = E4N^>- ( 2 - 32 ) 
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The coefficient ijP a should satisfy the orthogonality (eqs. (2.18) (2.19) of [23]). 

a j 

and also generalized Verlinde formula (2.16): 



^ 6 = £f^M)*, (2-34) 

where nj a fe are non-negative integers. With this combination, the tension T a can be written as 

ib 1 

T a = -j=- (2-35) 

The idempotency relation between Cardy states (in matter sector) can be rewritten as the 
algebra between the Ishibashi states \i)), 

io>'*tf>>'=£^w, ( 2 - 36 ) 

k 

where we changed the normalization of Ishibashi states as, 

= (SuSn)- 1 ' 2 ®) , (2.37) 

and Af { j k is given by 

N v - = Y. ^'''f • (2^38) 

Eq. (|2.3fi|) is a natural generalization of the fusion ring for the generic BCFT, namely the co- 
efficient Mij k is also known to be non-negative integers This relation looks natural since 
(generalized) fusion ring describes the number of channels in OPE of primary fields and Ishibashi 
states are directly related with the irreducible representation. 

One may summarize the observation as, Cardy states are projectors of (generalized) fusion 
ring. We believe that this nonlinear relation is a natural replacement of Cardy condition in the 
first quantized language. 

As a preparation of the next section, we present an application of this result to the orbifold 
CFT jS] . We consider an orbifold R d /r where T is a finite group which may be nonabelian in gen- 
eral. At the orbifold singularity, there exist fractional D-branes which are given as combinations 
of various twisted sector. We apply the above idea to these fractional D-branes. 

In this setup, there is a boundary state which belongs to the twisted sector specified by h G F, 

(X(a + 2ir) -h- X(a))\h)) = 0. (2.39) 
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When T is nonabelian, however, such a state is not invariant under conjugation. Ishibashi state 
is, therefore, given as a linear combination of such boundary state which belongs to a conjugacy 



class Cj of T : 



where rj is the number of elements in Cj. 



h E (2-40) 




In this case, Cardy state |a) is given by eq. ()2.32|) where the coefficients ip{, Sji are 

is the character of an irreducible representation a for g G Cj, e is the identity element of T and 
a(e, h) is determined by the modular transformation of the character Xg{o) — Tr^ 9 (/ig L ° - ^): 

Xe h (g) = a(e, /iM(<?) , (q = e 2m \ q = e~^) . (2.42) 

The normalization of Ishibashi state | h)) is specified as ({h\q^ Lo+i °-^)\h)) = xt(q) ■ In this case, 
eq. ()2.H6j) is equivalent to 

a Si 

ei := |r|V^M3K»- (2-44) 

Namely the (generalized) fusion ring is equivalent to the group ring |27| . 

The example in the next section is a simple example of this general algebra. The orbifold 
group T is Z2 and we have only two Ishibashi states in untwisted and twisted sector. We write 
them as |+)) and |— )). The above algebra (|2.4H|) is simply, 

e± * e± = e + , e±^e T = e_, (2-45) 
2|+», e_ :=2y/a(e,g)\-)), Z 2 = {e,g}, (2.46) 



(using cr(e, e) = 1) and its idempotents P± are easily obtained: 

^± = \{^+ ± e_) = |+)) ± v^9)|-» , (2-47) 
which is the same as the Cardy states (|2.32|) up to overall factor. 

3 Explicit computation: toroidal and Z2 orbifold com- 
pactifications 

As nontrivial examples of general arguments in the previous section, we calculate the * product 
between Ishibashi states on torus and Z 2 orbifold. We use explicit oscillator representations of 
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three string vertices which were formulated in J7| and ^H] , respectively. These simple examples 
contain nontrivial ingredients such as winding modes, twisted sector, cocycle factor, etc. which 
make the explicit computation more interesting compared to R d case in 

We use R d x T D and R d x T D /Z 2 as a background spacetime and consider the HIKKO * 
product on them. For the torus T D , we identify its coordinates as X 1 ~ X l -\-2ix\fa' (i — 1, • • ■ , D) 
and introduce constant background metric Gij and antisymmetric tensor By. In the case of Z 2 
orbifold T D /Z 2 , the action of Z 2 is defined by X % — > —X* (z = 1, • • • , D). The ghost sector and R d 
sector of the star product are the same as the original HIKKO's construction [Oj. We will compute 
the star product of string fields of the form = \B D ) <g> (^(a;- 1 , a)), where \B D ) is boundary 

states in D-dimensional sector: T D or T D /Z 2 and (^(ar 1 , a)) = Cq&q |-B) ma ttcr <8> ghost <8> |cn) 
represents a boundary state for D-brane at x _l (g R^" 1 ) including ghost and a-sector. For the 
R d sector, conventional boundary states for Dp-brane were proved to be idempotent in [7J |H] : 

= s^p-^x 1 - y L ) /i 2 det-^(l - (A> 33 ) 2 ) c+\^ B (x ± , a, + a 2 )>, (3.1) 

3 

\i = e~ T0 ^ r = lOlr , t = ^ a r log \a r \, (a 3 = — a 2 — cti) . (3.2) 

r=l 

In this section, we will focus on the matter T D or T D /Z 2 sector and prove a similar relation for 
Cardy states on those backgrounds. 

By toroidal compactification, winding mode is introduced in addition to momentum; the zero 
mode sector \p) changes to \p, w) with pi, w % G Z. Due to this mode, the boundary states and the 
3-string vertex should be modified. The definition of the boundary state will be given in (j3.5|) . 
The 3-string vertex should be modified to include "cocycle factor" such as e~ m ( p3W2 ~ piWl \ (See, 
Appendix El for detail.) It is necessary to guarantee "Jacobi identity" with respect to closed 
string fields : 

($1 * $ 2 ) * $ 3 + (-1)I #1 I(I^I+I*3|)( $2 * $ 3 ) + (_i)l*s|(*i|+|fc|)($ 3 * $j) * $ 2 = , (3.3) 

which plays an important role to prove gauge invariance of the action of closed string field theory 
[T7j . It can be also derived by careful treatment of the connection condition of light-cone type in 
[2*%] . When the boundary state has non- vanishing winding number, this cocycle factor becomes 
relevant. 

T D /Z 2 is one of the simplest examples of orbifold background on which we gave a general 
argument in jH] and previous subsection (£ I2.3|) . Cardy state \a±) (J2.32| l2~T7jl . which represents 

4 We mainly use the convention in [21] although we introduce \foii to specify a unit length. By taking a' = 1 
and replacing 2na'Bij — ► Bij, we recover some formulae in |24j for torus. 
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fractional D-brane, is given by: 




where \l)) u or \c)) t is a linear combination of Ishibashi states in the untwisted or twisted sector, 
respectively. The ratio of coefficients 2"? comes from the factor yj a(e, g) for T D /Z 2 . We will 
demonstrate that string fields given in ()3.32j) which are of the above form satisfy idempotency 
relations ()3.28( l3~2~nj) . It provides a consistency check for the previous general arguments. The 
oscillator computation, however, has a limitation in determining coefficients of Ishibashi state. 
They are given by determinants of infinite rank Neumann matrices and are divergent in general. 
As a regularization, we slightly shift the interaction time which is specified by overlapping of 
three strings as we discussed in ^2.21 We reduce the ratio of determinants to the degenerating 
limit of the ratio of 1-loop amplitudes in the sense of (jD.5|) . 

We will also comment on compatibility of idempotency relations on T D and T D /Z 2 with 
T-duality transformation in string field theory which was investigated in [21] for T D . 

3.1 Star product between Ishibashi states 

In this subsection, we first introduce Ishibashi states \t)) for the backgrounds T D and T D /Z 2 and 
then compute the star product between them. In Appendix [XJ we give some definitions and our 
convention of free oscillators. 

Ishibashi states The Ishibashi states \t)) for the torus T D are obtained by solving (a l n + 
O i jaL n )\t,)) = 0. O 1 j is an orthogonal matrix in the sense O t GO = G. Explicitly it is written as 

\l{0, P ,w))) = e-^^ aL ^° J ^\p,w) , Pi = -2Txa'F ijW j , (3.5) 

with labels of momentum pi and winding number . The antisymmetric matrix is given by 
O = (E T — 2ira'F)~ 1 (E + 2na'F) (where := Gij + 2ira'Bij). It must be quantized in order to 
keep pi and w^: integers with a relation (l + T ~ 1 )p— (E — O t ~ 1 E t )w = 0, which corresponds to 
(«q + G l jd? Q )\Lj) = 0. In particular, for Dirichlet type boundary condition, we should set w l = 
since O = — 1. 

For T D /Z 2 , there are Ishibashi states in untwisted and twisted sectors. For the untwisted 
sector, they can be obtained by multiplying Z 2 -projection to the ones for the torus: 

V^\l(O jP , w))) u = ^(\l(0, P , w))) u + \l(0, -p, -w))) u ) , (3.6) 
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where we add a subscript u to make a distinction from the Ishibashi states for the torus. For the 
twisted sector, we have Ishibashi states of the form: 

\i{0,n f ))) t = e -^KA^-r| n /). (3.7) 

The label (tt/) 4 takes value or 1 and specifies a fixed point. This state has Z 2 invariance: 
V t z *\L(0,nf))) t = \i(0,nf))) t . 



•k product For T D case, the * product of the states (J3.5J) becomes: 

\l(0,P!, Wi))) ai -k \l(0,p 2 ,W2)))a 2 

= det-T(l - (A> 33 ) 2 ) (-iy^\i(0,p 1 +p 2 ,w 1 + w 2 ))) ai+a2 , (3.8) 

where we have assigned a r for each string (we consider the case of a±a 2 > here and following) 
and omitted the ghost and the matter R d sector. Differences from R d case [7] are limited to 
the existence of winding mode and the cocycle factor and the proof is similar; we use eqs. (|A.7J) 
and (jA.lOjl without V^lV^V^l- The cocycle factor appeared as an extra sign factor (— \y iW2 = 
(— l^iC 27 ™* f)w2_ \y e no te that this factor is irrelevant for the Dirichlet type boundary state since 
we need to set w = 0. 

For T D /Z 2 , we have to compute three combinations of Ishibashi states: (untwisted) * 
(untwisted), (twisted) * (twisted) and (untwisted) * (twisted). The first one can be obtained 
by Z2-projection of the torus case (|3.8jl : 

V^\L{0, Pl ,W l ))) u , ai *V^\L{0,p 2 ,W 2 ))) u , a2 

= det~T(l - (iV 33 ) 2 ) LJi V z 2 (3 9) 

X [\L(0,Pi+p 2 ,W 1 + W 2 )))u,ai+a 2 + HO , Pi - P2,W X ~ W 2 )))u,a 1+ a 2 ] • 



The star product for two Ishibashi states (|3.7|) in the twisted sector can be computed by the 
vertex operators (jA.91 IA.12JI (with appropriate permutation such that string 3 is in the untwisted 
sector). Using the identities among Neumann coefficients given in (IB. 5)1 . a direct computation 
which is similar to that in [7j yields 

\L(0,n())) t!0ll *\L(0,n f 2 ))) tja2 (3.10) 
= e^ ro( ^ 1+ ^ 1) det-^(l - (T 3 " 3 ") 2 )pPf 2 ^7(p;n{,4)e AE e- E ">o^ a -" 06 -"|p,w) ai+a2 , 

p,w 

where 

n>0 r,s=l,2 m r ,/ s >0 
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1 
I 



E E ^oti(i+^)"t: ms ^ 3 ; jp + G- i P+ , (3.11; 

•,3=1,2 n r ,m s >0 / 



(P+)i = -^[(l + T - 1 )p-(^-O r - 1 ^ r H < . (3.12) 

The above peculiar exponent AE can be ignored because the coefficient of positive definite factor 
p + G _1 p + can be evaluated by using various formulae in Appendix iBl as 

00 2 cos 2 ( — nix ) 

T oo 3u - E E ^ot r [( 1 +^) _1 ]^^ 3 ;o = E — f—^- (3 - 13) 

r,s=l,2 n r ,m s >0 n=l 

Since it gives —00, the p + 7^ terms in the summation in ()3.1()j) is suppressed. The 
constraint p + = implies Pi = —2ira' F^w^ in (J3.5J) . which is consistent with [L n — 
L- n ) \ \i(0, n[))) t ^ ai -k \L{0,n2))) t a ^j = 0. This is an example of our general claim in Ref. jH] 
that the star product between the conformal invariant states is again conformal invariant; 
(L n - L- n )\Bi) = 0,z = l,2,Vn G Z -> {L n - L_ n )(|5i) ★ \B 2 )) = 0. The final form of 
the * product becomes, 

\L(0,n{))) t>ai *\L(0,n f 2 ))) t>a2 (3.14) 
= e>^ 1 + « 2 - 1 ) det -f (1 _(T3^ )2) £ (-l) P ^E 5 3-„f + . +2m ,oW '^-)))- 1+ -- 

p,ui,p+=0 m 

Finally the * product between the Ishibashi states in untwisted and twisted sectors can be 
computed similarly by using the formulae in (|B.5|) : 



:froK - 1 _ (ai+a2) -i )det _ f (1 _ {f3t3t)2) [n / _ ™ l]mod2 ))) tiai+a2 . (3.15) 



We have similar formula for [twisted ()3.7|) ] * [untwisted ()3.6|) ] by appropriate replacement in the 
above. 

We have confirmed that Ishibashi states on Z 2 orbifold ()3.6|) and ()3.7|) (resp., on torus ()3.5|) ) 
form a closed algebra with respect to the * product as eqs. (|3.9|) . (j3.14|) and (j3.15|) (resp., eq. (j3.8l) ). 



3.2 Cardy states as idempotents 

We proceed to compare the Cardy state and idempotent of * product algebra (fusion ring) for 
Ishibashi state that we have just computed. We note that the algebra for the Dirichlet type 
boundary states are simpler since there is no winding number and consequently the cocycle 
factor in the vertex operator vanishes. Because of this simplicity we divide our discussion into 
Dirichlet and Neumann type boundary states. 
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Dirichlet type We start our consideration from Dirichlet type states, namely O 1 ^ = —5j for 
the torus. The Cardy state which describes the Dirichlet boundary condition is given by a Fourier 
transformation of Ishibashi states ()3.5j) with respect to momentum pf. 



\B(x)) = (det(2G iJ ))-^e-^K-l,p,0))) 



(3.16) 



pez 1 



One can check that it satisfies [a' ? X 1 (a) — x l } mo d2w\B (x)} = 0. We have chosen its normalization 
by 



[B{x)\q^ Lo + l °-&\B{x')) = r](r)- D 



deH(2Gy e- i{x - x ' )p q 2 i pG ' lp 



iez D 



where q = e 2mT and 77 (r) = q 24 Yl™=i(l — The last representation implies that it gives 1-loop 
amplitude of open string whose boundaries are on D-branes at x and x' on the torus T D . 

On the other hand, from (|3.8|) . the star product between them becomes 



\B(x)) ai -k \B{x')) a2 

= 5 D ([x - x'])(27r) D (det(2Gf ij -))~ i det"T(l - (A> 33 ) 2 ) \B(x)) ai 



(3.18) 



+«2 J 



where 5 D {[x - x'\) : = E me z« 6 °( x ~ x ' + 2lxm ) = ( 27r )~ D E pe z^ e~ i( - x ~ x >. This is the idempo- 
tency relation in [7j for the toroidal compactification. 

For T D /Z 2 , the boundary state with Z 2 projection, V^ 2 \B(x)) u = M\B(x)) u + \B(—x)) u ) 
gives idempotents in the sense: 



V^\B{x)) u , ai *V^\B{x')) u , 



a 2 



(3.19) 



Q-2 ■ 



= l - (5 D ([x - x'}) + 6 D ([x + x'}))(^) D (det(2G y ))" 4 det"T (1 - (A> 33 ) 2 ) ^|S(x)) w , Q1 . 

It is clear that the combination of delta functions is well-defined on T D /Z 2 . 

At the fixed point, there are fractional D-branes. To see them, we consider a restriction of x 
to a fixed point 7m*, 



\B nf ) u = (det(2C ii )) -| ^(-l) pn/ k(-l,P,0)}) u , 



(3.20) 



it is Z 2 invariant by itself V^ 2 \B n f) u = \B n j) u and is idempotent: 



\B n f) u , ai * \ B n f)u. 



a 2 
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= (2^(0))^, (det(2G<,-)H det-T(l - (N M ) 2 ) \B n( ) u , ai+a2 . (3.21) 
For the twisted sector, we can derive from eqs. ()3.14|) . ()3.15|) and (|3.20|) . 

\B n f)t, ai * \B n f) t ,a 2 

= b D n[n{ (det(2G<,))* eX^+^det^ (1 _ (f**.)*) |S n{ ) u , ai+a2 , (3.22) 

|-B„/)«,ai * \ B n f)t,a 2 

= 53 b/ (det(2G 4J ))^ (27r5(0))°e^K" 1 -^+^- 1 )det-^(l - (T 3 ' 3 <) 2 ) |i? n /), Ql+Q2 , (3.23) 

where | J B n /) 4 := |t(-l, n^)))*. These eqs. (I3~2T| . (I3~2^|) and (l3~2^|) show that the Dirichlet bound- 
ary states at fixed points, \B n f) u and \B n f) t , form a closed algebra with respect to the * product. 
It can be diagonalized by taking a linear combination of the untwisted and twisted sectors: 

\$ B {n f ,x ± ,a)} ± (3.24) 
= ^(2tt5(0))- d (det*(2G ij )\B n f) u ±c t (2ir5(0))%\B nf ) t ^ ® ^(arSc*)), 

where we have included a string field |$B(x _L ,a)), which is a contribution from the other part 
of matter sector R d and ghost sector. It is essentially a boundary state for Dp-brane. The 
coefficient of the boundary states in the twisted sector is given by a ratio of the determinants of 
Neumann matrices: 

D 



C ^rW) det(l-(T^ 
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Ct := ,1, e"*^)^ v - ; ' , (3.25) 

l/ c ^ det(i - (iv 33 ) 2 ) y ' K ' 

C = /i 2 det-^(l-(iV 33 ) 2 ), /i = e - T -°K- 1 +« 2 - 1 -(-i+« 2 )- 1 ) ! (3.26) 
C = / i 2 e^( a r 1 +^ 1 )det- i ?(l-(f 3 " 3 ") 2 )det-^(l-(iV 33 ) 2 ). (3.27) 

They satisfy idempotency relations of the following form: 

\$ B (n{,x ± ,a 1 ))± * \<S> B (n f 2 ,y ± ,a 2 ))± 

= C „/ * d ~ P ~ V - C 4|$ B (n{, ar 1 , ai + a 2 )} ± , (3.28) 
|$ B (n{,x ± ,a 1 )) ± ^|$B(4,|/ ± ,a 2 )) T = 0, (3.29) 

where C was computed in jS] and is proportional to K^a\a2{a\ + a 2 ) for cZ+ D = 26 with cutoff 
parameter K. In the above computation, we have used the relation of determinants of Neumann 
matrices: 

det"3(l - (A> 33 ) 2 ) = eW^-K+^r^det-^l - (T 3 * 3 *) 2 ) , (3.30) 

which can be proved analytically by using Cremmer-Gervais identity as in Ref. jS]. Outline of 
the proof is given in Appendix O It can be also checked numerically by truncating the size of 
Neumann matrices to L x L. (L ~ K) 
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As for the coefficient Ct (|3.25|) in front of the twisted sector, it can be evaluated by another 
regularization as ^2.21 (See. Appendix |D] for detail.) The result is given in (|D.5|) : 

c t (27r5(0))^ = 2? (det(2G))3 = y/a(e,g) (det(2G))* , (3.31) 

where a(e,g) = 2"? is the Modular transformation matrix defined in ()2.42|) and is given in |26j . 
This implies that the idempotents ()3.24|) is proportional to the Cardy state for the fractional 
D-branes, 

IMn'.ar 1 , a))± = \ f^ff^ (\B nf ) u ±2%\B nf ) t ) ® \$ B (x\a)), (3.32) 
after a proper regularization. 



Neumann type We call the boundary states with 0* • ^ —5* as Neumann type while they 
may have mixed boundary condition in general. As we wrote, the derivation of idempotent for 
such states is slightly more nontrivial because of the cocycle factor in the vertex. 

We start again from the toroidal compactification and consider a particular linear combination 
of Ishibashi states ()3.5|) of the form: 

\B(q),F) := det^^(2G 1 ) ^ e - iqw+i ™ F " w \l{0 , -2ira'Fw, w))) , (3.33) 

w 

where we denote (F u )ij = 2ira'Fij for i < j and (F u )ij = for i > j. As we explained, 2ira'Fij 
should be quantized for the consistency with the momentum quantization. We have chosen the 
normalization factor det _ 4(2G C) 1 ) by 

(B(<f), F\ e mT ( Lo+i °-£)\B(q), F) = det"^(2G 1 ) r/(r)" D e^-^ e^ G °^ w3 

w> 

= ri(-l/T)~ D ^e~^ iq - q ' +2wmhG ° iq - q ' +2wm) i , (3.34) 

m 

as (|3.17|) . Here = qi + 2n corresponds to Wilson line on the D-brane and Goij '■= G, t j — (E + 
27ra'F) i f t G kl (E T — 27ra'F)ij is the open string metric. 

We compute the * product of (|3.33|) using (|3.8|) : 

\B( qi ) : F) ai *\B(q 2 ) : F) a2 (3.35) 
= S D ([qi ' ? 2 ]) (27r) D det^(2G 1 ) det-T(l - (A> 33 ) 2 ) \B( qi ), F) ai+a2 , 

which is the idempotency relation for T D . We note that due the phase factor e lnwFuW in (J3.33|) . 
Cardy state is not the Fourier transform of the Ishibashi state. It is necessary to cancel the 
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cocycle factor in the 3-string vertex (jA.lOjl . It is also necessary to keep T-duality symmetry in 
closed string field theory on the torus T D , (see, eq. (|3.51|) in particular). 

For the orbifold, we can check that V^ 2 \B(q),F) u = \(\B(q),F) u +\B(-q),F) u ) is idempotent 
in the untwisted sector on T D /Z 2 : 

V z u - \B(q), F) u , ai * V^\B(q'), F) U)Ql2 (3.36) 
= \{& D {[1- <?']) + S D ([q+ g / ]))(2vr) s det^(2G 1 )det-f(l - (N 33 ) 2 )V^\B(q),F) u , ai+a2 . 

Mixing with the twisted sector occurs when the Wilson line takes special values, qi = nm{ 
(m{ = 0, 1) for the untwisted sector: 

\B m!) F) u = c\ct^{2G 1 ) J2(-l) mfw+wF - w \t(0, -2na'Fw, w))) u . (3.37) 

w 

These states are by themselves Z 2 invariant: V^ 2 \B m f , F) u = \B m f,F) u . The star product 
between them is, 

\ B m^ F )u, ai * \B m f,F) UtCC2 (3.38) 
= 5° {f m ,det^(2G o 1 )(2 7 r5(0))^det^(l - (A> 33 ) 2 ) \B m{ , F) um+a2 . 

In the twisted sector, we consider a particular linear combination of Ishibashi states ()3.7|) such 



as 



\B mf ,F) t :=2-% Yl (-l) mfnf+nfKnf HO,nf))) tl (3.39) 



Til =0,1 



which is a generalization of the twisted Neumann boundary state in [29]. Here, we have also 
multiplied the phase factor (— 1)™ / - F « ri/ as i n the untwisted sector (|3.37|) for the idempotency. We 
can derive the * product formulae 

\B m( ,F) t>ai *\B m( ,F) t>a2 (3.40) 
= ^ (im ,det^(2G 1 )ef-^ 1 + ^ 1 ) det -f (i _ (T 3 ^) 2 ) \B m{ , F) u , ai+a2 , 
\B m ^,F) u , ai *\B m f,F) t!a2 (3.41) 
= 6 ml m /det^(2G5 1 )(27T ( 5(0)) D e^K- 1 -K+- 2 )- 1 )det-T(l - (f 3 ' 3 ') 2 ) \B m( ,F) t>ai+a2 , 

from eqs. (|3.14|) . (|3.15j) . (|3.37j) and ()3.39j) . Using the above formulae, noting eq. (|3.3()jl . we obtain 
idempotents which include the twisted sector: 

\<S> B (m f ,F,x L ,a))± = l - d T^?J (\B mf ,F) u ±2T \B mf ,F) t ^j <g> \^> B (x ± ,a)) . (3.42) 
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Here we again include the extra matter fields on R d and ghost sector: |$s(^" L , «))• We evaluate 
the ratio of determinants c t ()3.25|) using the regularization given by (jD.7|) instead of (|D.4|) because 
we are treating Neumann type boundary states. Their star product becomes idempotent as 
expected, 

|$s(m{, F, x ± , ai))± ★ F, y ± , a 2 ))± 

= m ' <* d ~ P ~ V ~ V X ) C 4\$ B (m{, x x , ai + a 2 )>± , (3-43) 
\<$> B (m{,x ± ,a 1 ))±*\<$> B (m f 2 ,y ± ,a 2 )) T = 0. (3.44) 



3.3 Comments on T-duality 

We have seen that the Dirichlet type idempotent and the Neumann type one are constructed 
in slightly different manner due to the cocycle factor. They are related, however, by T-duality 
transformation and we would like to see explicitly how the difference can be absorbed. In this 
subsection we follow the argument of |24j . 

A key ingredient is the existence of the following operator W g) 

U\\A*B) E = \{UlA)*{UlB)) g[E) . (3.45) 

Here the subscripts of the ket: E and g(E) specify the constant background E = G + 2na'B and 
its T-duality transformation specified by g G 0(D, D; Z): 

g(E) := (aE + b)(cE + d)~\ (3.46) 

-(::)• "-"'-{i 1 ;)- ^ 

The operator U g is defined by j21] : 

U g = U g T(g,p,w) , Ul\p,w) E = \ap + bw,cp + dw) g{E) , (3.48) 

Xj\a n {E)XJ g = (d- cE T Y l a n {g{E)) , (3.49) 

Ul& n (E)U g = (d + cE)~ 1 a n (g{E)) , (3.50) 

T(g,p,w) = exp(iir(p(dc T ) u p + w(ba T ) u w + wbc T p)) , (3.51) 

where matrices in the exponent of T with subscript u are defined by (AJi? = (* < j) an d 
{A u )ij — (z > j). In particular, we consider a class of 0(D, D; Z)-transformation of the form: 

/ -2-Ka'F 1 \ .„ . 

Son = I 1 J , (27ra%. = -WFj-j G Z). (3.52) 
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They give T-duality transformations between the idempotents 

Ul D jB(x l )) E = \B( qi = x l ),F) 9DN(E) , (3.53) 

on the torus. Note that the original metric G is mapped to the inverse open string metric Gq 1 
by the transformation g^'- 

G = (E' T - 2na'FY 1 G\E' + 2-na'Fy 1 = G' Q 1 , E' = g DN {E) . (3.54) 

Indeed, this is consistent with general property of the * product (J3.45I) . 

We can extend such an analysis to T D /Z2 case. We define a unitary operator U gDN which 
represent the action of #dn (I3.52j) to the twisted sector: 

Ul N a r (E)U gDN = —E T ~ 1 a r (g I ) N (E)), (3.55) 
Ul N a r (E)U gDN = E^a r (g DN (E)), (3-56) 

where a r (E), (r G Z + 1/2) is the oscillator on the background E. For the oscillator vacuum 
\ti')e, we define 

Z4>')s = 2-f (- i r {m{+m{iFuhmi \ nf ) 9 u,(E). (3.57) 

m{ =0,1 

Then, with Z2 projection, we can prove 

UL\A*B) E = \(Ut DN A)*(Ul N B)) 9DN{E) , (3.58) 

not only in the untwisted sector but also in the twisted sector by investigating reflectors 
(|A.7[) . ([A.9[) and 3-string vertices (|A.10p .( [A.12[) . This implies that we obtain Neumann type 
idempotents ()3.42|) from Dirichlet type ()3.24|) by Wj DN : 

UlJ®B(n{,x ± ,a))±, E = \$ B (m{ = n{ , F, x ± , a)) ±>gD ^E) ■ (3-59) 



4 Deformation of the algebra by B field 

In this section, we consider a deformation along the transverse directions by the introduction of 
B field. In Seiberg-Witten limit, it induces noncommutativity to the ring of functions on these 
directions. Since our equation, $ * $ = $ formally resembles GMS soliton equation, it is curious 
how our star product is modified in such limit. 

In particular, the algebra of Ishibashi state in transverse dimension was, 

\p))*\q)) = a(p,q)\p + q)) , (a(p, q) = 1) (4.1) 
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when there is no B field. In order to obtain a projector for this algebra, we perform a Fourier 
transformation lar 1 ) = J dk e lkx± \k)) , which combines Ishibashi states to Cardy state, and this is 
identical to the the boundary state for the transverse direction. 

A naive guess is that the product becomes Moyal product, namely a(p, q) becomes 
exp (— ~Pi9 i: >qj). This can not, however, be the case since the closed string star product is 
commutative. We will see that in a specific setup which we are going to consider, the factor 
becomes 

for HIKKO type star product in the Seiberg-Witten limit. If we expand in terms of A, it is easy 
to see that this expression reduces to 1 when 9 — > 0. It is commutative and non- associative which 
are the basic properties of closed string star product. 

If we know the boundary state in the presence of B field in the transverse dimensions, our 
computation would be straightforward since the definition of the star product itself remains the 
same. Actually, however, the boundary state which corresponds to GMS soliton is not known. 
Namely, the treatment of the massive particles is difficult. Such modes can be decoupled from 
zero-mode only when Seiberg-Witten limit is taken. 

Therefore, we are going to take the following path to obtain the deformation of the algebra, 

1. define an operator Vg ()4.3|) which describes the deformation by B field and apply that 
operator to Ishibashi states, \p))' = V$\p)), 

2. calculate * product between these states \p))' * \q))', 

3. and take Seiberg-Witten limit. 

Actually the state obtained in the step 1 does not satisfy the conformal invariance (L n — 
L- n )\B) = 0. It means that they are not, precisely speaking, the boundary states. Instead, 
we will see that the deformed Ishibashi state is equivalent to Neumann type boundary state with 
tachyon vertex insertion (|4.13|) . It may imply that our computation in the following should be 
related to the loop correction factor in noncommutative Yang-Mills theory. 



4.1 A deformation of boundary state in the presence of B field 

Let us first introduce "KT-operator" Vg = e M |3lH l3~T] , which defines the deformation associated 
with the noncommutativity for the constant £>-field background in Witten's open string field 
theory and HIKKO open-closed string field theory. In that context, it was demonstrated that 
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this operator Vg transforms open string fields on B = background to that on B ^ 0. The KT 
operator Vg on a constant metric background is given by 

V e = exp y- 1 - j da j da' Pi(a)6 lj e(a - a')Pj{a'yj (4.3) 

where Pi(a) = ^ Pi + ^7=7 J2 n ^o nez 9ij {° i n eincT + o? n e~' lncr ) , and e(x) is the sign function. For- 
mally, we get 

VedrX^Vf 1 = d a X\a) - 0*Pj(a) (4.4) 

by canonical commutation relation, and therefore, we can expect that the operator Vg induces a 
map from Dirichlet boundary state to Neumann one with constant flux. 5 

A subtlety in ()4.3)1 is how to define e(a — a') or § da § da' since we need to impose the 
periodicity of closed strings Pi(a + 2n) = Pi(a). Here, we introduce a cut a c and set the 
integration region to a G [a c , 2-k + a c ]. Then, by taking normal ordering using a formula given 
in (|E.lj) . an explicit oscillator representation of KT operator Vg (14. 3|) becomes, 

( ■ /•27T+(T C i>2iT+cr c \ 

--J da J da'P^a^eia-a'^a')) 

= (det (1 - C))~5 e h DN ( 1 ^ c )' lDT e ~W NC ( 1 + c )~ 1 ^+ D ( 1 + c )~ lat 

x e -tf]o S (,l-C)a e %aNC(l-C)- 1 a+DN(l-C)- 1 a^ (4.5) 

where 

(ea„)" \ / (ea- n ) a 



a 



(etr ' at = (A- » (" ^ !); ^ = e i^4 > = g X 6g 6 > e " g i = ( 4 - 6 ) 



c = _ c t = _J_ ( (e9er b 6 n , m 

W ^ -(e9e) ab 5 n , m 

N = N T =( ° %b5n ' m ] , D = 1 — 



Vab$n,m J 2nx/2a' \ J y/m V™ 

By multiplying Ve j(Jc (14.5)1 to the Dirichlet type Ishibashi state with momentum p: \p))d '■= 
e E„>i ^ al -n9ij°tn\p^ we obtain 

V e ,a c \p)) D = [det (1 - (27ra , )- 1 00)]~ EB - 11 e- a ' pG ^ p E »>^ (4.9) 

(oo ^ oo \ 

- -a_ n ^O tf 5_ n + ^(A n a_ n + A„a_ n ) ) 
n=l n n=l / 

C e = (g + 2ira'0- 1 )- 1 {g - 2Wr 1 ) , 1 = (# - 2Wr 1 )- 1 g(3 + 2Wr 1 )- 1 , (4.10) 



5 This operator was also obtained using path integral formulation |32| in the process of constructing boundary 
state for Dp-brane from that for D-instanton. 



27 



(g - 2ira'6~ 1 y 1 g , (g + 2toT 1 )- 1 5 . (4.11) 

m m J 

We redefine the normalization of this state as 

Ve,*M)D := [det (1 - (2 ra ')-V)] En - ll e^» lp ^ 1 » ^V>K (4.12) 
so that (p'|Ve j(Tc |p))i) = (27r) d 5 d (p / — p). Then, we find an identity 

Ve,* c \p))n = ^e)|S(F« = -(r 1 ) < ,-)>, (4-13) 

where 

|£(F)) = e" | p = o) (4.14) 

with O = (g — 2ira'F)~ 1 (g + 2-ira'F), is the Neumann boundary state with constant flux F and 
V k (a)=Af k :e ikX ^: 

^ ^'^okEn^^ e k ^n=l(iY /2 H a -^- ina +^ (4.15) 

where G Q l = (g + 2ixa'Fy l g(g - 2to'F)~ 1 is the open string metric, represents the tachyon 
vertex operator at a with momentum fcj. 

The above identity (J4.1Hj) implies that the KT operator (|4.5jl maps the Dirichlet type Ishibashi 
state of momentum p to Neumann boundary states with tachyon vertex with momentum p, where 
the position of the tachyon insertion a c corresponds to the cut in the definition of the exponent 
of (|4.5jl . This combination was investigated as a fluctuation around boundary states in 0IE] and 
can be used to calculate their star product in the following. 



4.2 * product of deformed Ishibashi state 

Let us proceed to the step 2, namely the computation of the * product of V$ j0 - c \p))d (|4.12j) . We 
use eqs. (4.6) and (4.7) in [7] to give 

V e ,a c \pi))D, ai *V r 0, ffe |p 2 » D,et<2 

= M 2 det-3(l - (TV 33 ) 2 ) 1^ /^le-^K) _ e ^(^)|2o'PiG3 1 p ae ie la 

/ 27T / 27T 

x p e^>i (A " 2)Q -" +X " 2)5 - n) - E «>i ^-« G ° 5 -" | Pl + p 2 ) ai+Q2 , (4.16) 

where we have assigned ai,a 2 (aia 2 > 0) and omitted ghost sector. Here, the coordinates 
er^(eri) and a^ 2 \a2) are given by 

<7 (1) (<7i) = Ql (cr c + (ri)-7rsgn(g c + (Ti), (4.17) 
«i + a 2 
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a (2)( a2 ) = °; 2 (a c + a 2 -7rsgn(a c + a 2 )), (4.18) 

for |cr c + oy| < ?r, r = 1,2, which represent the positions of tachyon vertices on the boundary 
of the joined string 3 specified by the overlapping condition for the 3-string vertex. Note that 
the phase factor e l@12 appears as a result of the * product of closed string field theory which is 
computed from the last term in eq. (4.7) in [7] using (jE.3|) as 

e 12 = -^PH^P2M [1 \^)-^ 2 \^))+ l -Pn^P2 3 e{^ 1 \a l )-a^\a 2 )), (4.19) 
Ztx I 

where 

$ ij = (2W) 2 [( g - 2f«'r 1 )- 1 r 1 ( 9 + 2Wr 1 )- 1 ] ii (4.20) 

corresponds to the noncommutativity parameter. In the exponent, linear terms with respect to 
oscillators are given by 

^a 7 



A f) = ^^e-'^^l+^e-^'^^^^WrtV (4.21) 
Af) = ^ e i-«( CT1 ) + p2 c ^ ! '(^) ) k + 2to T 1 )- 1 9 • (4-22) 



The factor A/12 is evaluated as 



A/12 = hm 

L— >oo 



= (-^W^i + ^W^ (f3 = ai / a ^ a3 = _ ai _« 2 ) ; (4.23) 

where we take cutoffs for the mode number of strings such that they are proportional to each 
string length parameter \a r \. This prescription was used in [7jv4 in order to investigate the 
on-shell condition from idempotency and is consistent with conformal factor of the open string 
tachyon vertex We can also rewrite (J4.16j) as 

V g , ffc \pi)) D , ai *Vo,* c \p2)) D,a 2 

= (-/3) Q '^ G o 1 fi (1 + pja'piG-^ det -| (! _ (AT 33 ) 2 ) (4.24) 
T2 pV Pl (a^(a 1 ))V Pl (a^(a 2 ))\B(F = -9- 1 )) ai+a2 , 



2tt / 2tt 

using tachyon vertex given in f)4. 15j) . This implies that the * product of Vq^ c \p))d induces 
conventional operator product of tachyon vertices on the Neumann boundary state. 



4.3 Seiberg-Witten limit 

Next, we proceed the third step to take Seiberg-Witten limit [22] °f Q4.16|) in order to obtain 
the deformed algebra. In the limit a' ~ — > , gij ~ £ —> 0, the * product formula ()4.16|) is 
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simplified as 



Vg >trc \pi)) D ,a 1 *V etUc \p 2 ))D, a2 ~ a 1 (p 1 ,p 2 )Ve, (Tc \Pl +P2))D, ai +a 2 , (4.25) 



a( Pl ,p 2 ) ee det-f (1 - (TV 33 ) 2 ) f^j^ , (4.26) 

where we have estimated using a l _ n = \fne l a a^ ~ and ignored linear terms in the exponent. 
We can interprete that, in this limit, the deformed Ishibashi states: Vo i(Tc \p))d form a closed 
algebra with respect to the * product of closed string field theory. After we drop the determinant 
factor, the coefficient a(pi,p 2 ) can be evaluated as 

sm( y -pp li 9 ij p 2j )sm( y (l + p) Pli 9 ij p 2j ) 
-ppiiWfrj (1 + P)PliV l3 p 2j 

where we introduce a parameter 3 = ( — 1 < /? < 0) which comes from the assigned a- 

parameters for string fields in the * product. The integration intervals for 01,02 are taken as 
— 7r < o c + 01 < ii, —Ti < cr c + 02 < 7v and we have used eqs. ()4. 17|) and (|4.18|) . We note that the 
last expression does not depend on the cut a c in the KT operator. This independence is caused 
by the level matching projections pi, p 2 in the 3-string vertex. By taking Fourier transformation, 
the induced product is represented in the coordinate space as, 

p / % i \ p / x sin(— 3X) sin((l + 3)X) , , , d , . 

f ai (x)opg a2 (x) = f ai (x) l ( _^ (1 |^ )A2 r V 2 (s) (4-28) 

-l) fc A 2fc A (1 + 2/3f . . / 1 9" .. .~8 



A = -— 



(2fc + l)!^ fc + 1 2V " V 2 02* 0xJ 

fc=o v * i=o \ 

where we have specified a±, a 2 for coefficient functions because the parameter 3 in the above Op 
is given by their ratio. In fact, for the string fields of the form 

!$/»> = J d d xf a {x)V e ^ B {x,a)), (4.29) 

where we have included the ghost and a sector: a)) = Cq6q \B(x)) ® |-B) g host <8> |«) and 

o; dependence in the coefficient function, we can express the above Op product in terms of the * 
product: 

(x, ai + a 2 |c_ic_i|$/ Q1 (ai)) * |$ Sa2 (a 2 )) 

= [/i 2 det-^(l-(A> 33 ) 2 ) 27r5(0)]/ Ql (a:)o /3 ^ 2 (x) (4.30) 

in the Seiberg-Witten limit. Here, we give some comments on this Op product (|4.28|) . It is 
commutative in the sense: 

foa. (?) 0/3 9a 2 (x) = g a , 2 (x) Op f ai (x) = f ai (x) 0- X -p g a , 2 (x) . (4.31) 
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(Note that exchange of ot\ <-> a 2 corresponds to (3 <-> — 1 — (3.) We can take the "commutative" 
background limit 6^ — > : 

lim f ai (x) o p g a2 (x) = f ai (x) g a2 (x) (4.32) 

where the right hand side is ordinary product. In the case that one of the string length parameter 
ai,«2 equals to zero, our product (|4.28j) is reduced to the Strachan product [TH] : 

lim f ai (x) Op g a2 (x) = f (x) o g a2 (x) , 

lim f ai (x) o p g a2 (x) = f ai (x) o g (x) , 

where f{x)og(x):=f{x)^g(x), (\ = l^e*JLY (4.33) 

which is also one of the generalized star product: * 2 |2Uj . 

In the literature [20], Strachan product appeared in one-loop correction to the non- 
commutative Yang- Mills theory. The appearance of the similar product here may be interpreted 
naturally. As we have seen in section 2, taking the closed string star product of boundary states 
is equivalent to the degeneration limit of the open string one loop correction. In this interpreta- 
tion, the star product we considered can be mapped to one-loop open string diagram with one 
open string external lines attached to each of the two boundaries. It reduces to a diagram which 
is similar to the one in [20] in the Seiberg-Witten limit. 

It will be very interesting to obtain the explicit form of the projector to the Strachan product, 

/ o / = /, (4-34) 

since it may describe the zero-mode part of the Cardy state that corresponds to GMS soliton. 
One important task before proceeding that direction may be, however, to construct the argument 
which is valid without taking the Seiberg-Witten limit. 

We comment that the observation made here is parallel to the situation in open string field 
theory. In the limit of a large -B-field, Witten's star product factorizes into that of zero mode and 
nonzero modes. The star product is then reduced to Moyal product on the zero mode sector. The 
noncommutativity appears as the coefficient functions on the lump solution |«S) in the context 
of vacuum string field theory [33] . The correspondence is: 

\S) <-> Ve,a c \B(x)) 
Moyal product <-> Strachan product 
Open string field theory <-> Closed string field theory . 

This may be a natural extension of open vs. closed "VSFT" correspondence, as we suggested in 
[3IH], f° r a constant -B-field background in the transverse directions. 
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5 Conclusion and Discussion 



A main observation in this article is that the nonlinear relation (jl.fi j) is satisfied by arbitrary 
consistent boundary states in the sense of Cardy for any conformal invariant background. The 
origin of such a simple relation is the factorization property of the boundary conformal field 
theory. Since this should be true for any background as an axiom, our nonlinear equation should 
be true for any consistent closed string field theory. In fact, we have checked this relation for torus 
and Z2 orbifold by direct calculation in terms of explicit oscillator formulation of the HIKKO 
closed string field theory. 

Although the relation (jl.6j) looks exactly like a VSFT equation, it is not a consequence of a 
particular proposal of the closed string field theory. Usually it is believed that such an equation 
for the vacuum theory can be obtained from the re-expansion around the tachyon vacuum of 
some consistent string field theory. However, our equation is not, at least at present, obtained in 
that way. It is rather a direct consequence of an axiom of the boundary conformal field theory. 
It is very interesting that a universal nonlinear equation can be obtained in this way. In a sense, 
it is more like loop equation. 

A weak point of our equation may be that it contains the regularization parameter K explicitly 
and divergent while it is milder for the HIKKO type vertex than Zwiebach's one. This can be 
overcome by the generalization to superstring field theory. The factorization property of two holes 
attached to a BPS D-brane is regular since the open string channel does not contain tachyon. 
In this sense, it will be possible to write down a regular nonlinear equation which characterize 
the BPS D-branes. A complication arises when we consider a product of non-BPS D-brane or 
different type of BPS D-branes. In such a situation, there appears the open string tachyon and 
their star product will be divergent. This will be very different from the bosonic case where 
eq. (jl.6j) is universally true for any D-brane. We will come back to this question in our future 
study. 
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A Star product on Z<i orbifold 



In this section, we briefly review the star product on T D /Z 2 orbifold [THj and fix our convention 
which is mainly based on [21]. By restricting to the untwisted sector and removing Z 2 projection, 
we obtain the star product on a torus T D . 



We define the * product for the string fields \A), \B) by: 

\A)*\B) = \A*B) 3 = ,(A\ 2 (B\V(1,2,3)) 
where 2 ($| = (R(l, 2)\<S>) 1 , 



(A.l) 
(A.2) 



which gives cubic interaction term in an action of closed string filed theory. In order to define 
the above concretely, we should specify the reflector (R(l, 2)| and the 3-string vertex |V(1, 2, 3)) 
in T D /Z 2 sector. We expand the coordinates X l (a) and their canonical conjugate momentum 
Pj(cr) to express them in terms of oscillators as follows. In the untwisted sector, X % (cr + 2n) = 
XHa) (mod 2ixJ~a'\. 



Pi(a) 



'a'[x + w a\ + i 
1 



a 1 J™ + a l n e~ m °\ 



n^0,M=Z 



2irVa' 



Pi 



(A.3) 
(A.4) 



where = G^ + 2iia'Bij, Efj = G^ — 2tx olB^. The commutation relations are given by 
= iSj, [a l n , a 3 m ] = nG^5 n+mt0 , [a l n , a 3 m ] = nG % ' J 'S n+rri; o. In our compactification, we should 
identify as x % = x % + 2tt and then the zero mode momentum pi takes integer eigenvalue. In the 
twisted sector, X l (a + 2ix) = —X l {o) (mod 27ta/o7): 



XHa) 



'a'x + i 



ate 1 ™ + a\e- ira \ 



rez+| 



2ttV2« 



(A.5) 
(A.6) 



The commutation relations of nonzero modes are given by [a£,a^] = rG y 5 r+S|0 , 
rG l: >5 r+S) o and the zero mode x l takes eigenvalue corresponding to fixed points of Z 2 action: 
x l = ir(nfy where (??/)* = or 1. 
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Reflector We use reflector to obtain a bra ($| from a ket |$). There are two types of reflector 
according to the twisted/untwisted sector. For the untwisted sector, 6 

(R u (l,2)\ = ^^ +P2i o< +W2 , (pi,^Kp 2 , W2 |e^( 1 ' 2 )e-^-pi2, (A.7) 

p r ,W r 

W,2) = -^^G^a^ + a^) , (A.8) 

n>l 

where the the prefactor e~ lnpiWl comes from the connection condition X^'(a) — X^(tc — a) = 
without projector p 12 j21] 7 and the oscillator vacuum with zero mode eigen value (pi,w l ): (p,w\ 
is normalized as (p,w\p' ,w') = SE 1 ,5^ w ,. For the twisted sector, the reflector is given by 

(^(1,2)| = Y, 5 nln*M^ e ^ ( A - 9 ) 

which represents X^(a) — X^- 2 \—a) = without pi2 and we take the normalization of the 
oscillator vacuum for the fixed point itn* as = 8® f nf/ . 

3-string vertex We have two types of 3-string interaction: (uuu) all strings are in the un- 
twisted sector; (utt) one is in the untwisted sector and the other two are in the twisted sector. 
Correspondingly, there are two types of 3-string vertex. They are constructed by a connection 
condition based on HIKKO type interaction, i.e., joining/splitting of closed strings at one inter- 
action point. (Odd number of twisted sectors such as (ttt), (uut) are not contained in 3-string 
interaction terms to be consistent with Z2 action.) 

For (uuu)-type 3-string vertex, by assigning a r for each string, we have 

p r ,w r 

where the exponent is given by 

E u (l, 2, 3) = 1 £ KLGij (aSJa^ + a*?fi>_£) • (A.ll) 

r,s=l n,m>0 



6 We often denote pi • • • pjv as pi. ..at where p r is a projector which imposes the level matching condition 

(r) t (r) 

Lq ' — L = on each string field. 

7 This factor should be removed if we remove (—1)™ in E u (l, 2) and this implies a different connection condition 
XW(cr)— (— a) = without pi2. By multiplying pi2, these two conventions become equivalent for the reflector 

CR«(i,2)|. 
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Here is the same as the Neumann coefficient on R d (we also use the notation: N^m : = 
^nmN™ m (n,m > 0)) [S| and we define zero modes as: a l = G^{pj — EjkW k ) / \^2, a l = 
G l i(pj + Ej k w k ) I '\/2. The prefactor V^ 2 is Z 2 -projection for the untwisted sector and is given 
by V? = \{l + RO u ) with R\p,w) = \-p,-w), OuoiO- 1 = -ah, 0*5* O" 1 = The 
phase factor e~ ln( - P3W2 ~ plWl ^ is necessary to satisfy Jacobi identity f7[ 125] . The above vertex 
|V(1 U , 2 U , 3 U )} is also obtained by multiplying Z 2 -projection V^V^V^ to the 3-string vertex 
on the torus T D [HJ. 

For (utt)-type 3-string vertex, by assigning a r for each string, we have 

\V{l u ,2 t ,Z t )) = e*<<^pwV%V$V$ (A.12) 
x T(Pi;^,«3)e^ Cl * At,3 " ) bi,iWi>]nJ)|n{) , 

r,s=l n r ,m B >0 

where Neumann coefficients T™ m are given explicitly in Appendix iBl and 

m'eZ 

is the cocycle factor [TBI EH] an d "P^ 2 = |(1 + 0t), which is given by OtOt\0^ x = —a l r , Otd^O^ 1 = 
— <S*, is the Z 2 -projection. The extra factor e"s r °( a2 +a ' A ), (r = X^=i a r log |o; r |, ot\ + a 2 + «3 = 
0), can be identified with the conformal factor of twist fields in CFT language. 

Note that the complete 3-string vertex is given by including ghost, matter R d and a sector 
in the above expression (jA.10|) or (jA.12|) . 



B Neumann coefficients for the twisted sector on Z2 orb- 
ifold 

The Neumann coefficients T™ ma in (|A.12|) are given by Tqq = —2 log 2 + ^ and integration form 
in [TH| - We can demonstrate that there is a relation: 

TZ ma = n ZTL T "° T ^' (^m r >0), (B.l) 
and T^-q are explicitly obtained: 
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n e Q i \ 2 ai 

T nl = — 7^7-, T^Y> n=l,2,.. 

n 



r21 _ eg (-ir*r(- gv ,3 



(r-|)!r(i 
r ( 



2 1 Q 2 



T rO = — / \ , r = - > - > -. (B.4) 



(r-|)ir(i + 



2' 2' 



1X3 

Note that only string 1 is in the untwisted sector which includes zero mode (p, w) in the (utt) 
type 3-string vertex (|A.12|) . However, this structure of the Neumann coefficients T™ m is similar 
to that of Nnm IHIIj in the untwisted 3-string vertex (jA.lOJ) in which all 3 strings have zero mode 
(p,w). 

Using continuity of Neumann function T(p, p) which is given in ^H] with the method in 
Appendix B in j3U], namely, from the identity Y^t=i I-n d<j' t T(p r , p' t )-^-T(p' t , p" s ) = (where 
Rep' t = ro), we have obtained the relations: 

3 1 

t=l l t >0 r 
3 3 

^ ^ T 0lt l t T km a = ~ T 0m a ) ^2 ^2 T o" lt T "o = _27 00 ' ( B - 5 ) 

t=l h>0 t=l l t >0 

which correspond to Yoneya formulae for the untwisted sector j37j. These are essential to simplify 
some expressions in terms of Neumann coefficients which appear in computation of the * product. 

Furthermore, in the case of ot\ > 0, «2 < 0, < 0, we can derive following formulae using 
the method in 



f r n s rns := V^hK s rUs = (S r ,sl - 2A'^ T T'- 1 A'^) nrna K,n s >0) 



at\n r n s 



-(A'^T'-'B'UM'^'-'B')^ , (B.6) 

n s a r + n r a s 

Klo ■= yfc7£o = {A , ^ T V'- 1 B') nr , K>0) (B.7) 



T£ = ~B' T T'-'B', (B.8) 
where the infinite matrices Anm r , F' nm and the infinite vector B' are given by 



A'{r) _ { i \n+m 

nm r V ) 



nm 

2 n f ( Sr) C os (^ntr 



Trrrir 



ml — n 2 ( — 



2 



r = 2,3; m r > ± , (B.9) 



4 /(i) _ A R / _ 2(-l)"-cosn7r/3 



;b.io) 



3 



r=l i r >0 
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Using these formulae, we can prove various identities, including (jB.5|) . which correspond to those 
in BH1 such as 



V A' {r) -A" 

1>1 



/(r)l As) 
ln r l 

r=2,3 / > I 
' ''-2 

EE^ 



a. 



n r ot\ 



~&r,s i fj s — 2,3, 



_A' 

mlr n 

( t j- 



S r , 

Oil 



r=l l r >0 



— A' (r) -A' (r) =- 1 R' R' 
ai nlr l r mlr 



B 'n B 'm , 



m, n > 1 



m, n > 1 . 



(B.12) 
(B.13) 

(B.14) 



C Cremmer-Gervais identity for T 



n r m s 



We demonstrate the relation (J3.30|) by using an analogue of Cremmer-Gervais identity [2H|. Let 
us consider matrices such as 



'66 
nm 



nm 



n + m 



A A 



55 _ nm 
tnm ~ i _ - L - / n- L - / m 

n + m 



R R P -( n + m )* 



(ci) 



which are the same form as the Neumann matrix N rr for 3-string vertex in the untwisted sector 
and its T — |a 5 |t evolved one. We can derive a differential equation: 

2 



logdet(l - N m Nt^ 



1 / <9 2 a 00 



4 V 5 t 6 



00 



by direct computation, where 

«oo = y^AjM^il-M^M^)- 1 ) A r 

V / nm 

n,m 

boo = £B n e- nt ((l-jW? 5 )- : 



(C.2) 

(C.3) 
(C.4) 



The counterpart of ()C.2|) was integrated by identifying a 00 , b 00 with Neumann coefficients for 
4-string vertex [HE] • As we have noted in Appendix El the Neumann matrices for the twisted 
sector T rs also has the same structure. Therefore, we consider the replacement in (jC.lJl : 



4 R + 

■ LJ m L 



(«2K)^o, (« 3 /a 5 ) 5 T n 5 3 , T/a 5 



(C.5) 



respectively, to evaluate the determinant det(l — f 6t6t f^ t5t ). We have depicted this situation in 
Fig. El In particular strings 2 and 3 are in the untwisted sector. The Neumann coefficients for 
this 4-string amplitude can be obtained by expanding the Neumann function 



T(p, p) = log 



z — Z 4 
z — Z\ 



z — Z 4 
z — Z\ 



log 



Z — Za 



z — Z\ \ z — Zi 



Z — Za 



(C.6) 
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X 



6, 



r (l) T (3) 



Figure 6: 4-string configuration in p-plane. We have drawn Imp > only. We take strings 1,4 
(2,3) in the twisted (untwisted) sector. The intermediate strings 6,5 are in the twisted sector. 
(There is a Z 2 cut at Im p = 0.) 



with the Mandelstam mapping: p(z) = J2t=i a r l°g( 



avCr + Tq^ + if3 r , where r l 



(i) 



rf = Rep( Z _), rf = r< 4 > 



Rep(z+) are interaction time: ^ | = (Fig. [BJ). This procedure 



is parallel to that for constructing 3-string vertex (jA.12|) in ^H] • in particular, the coefficient for 
zero modes are obtained as 



T 



(4)rs 
00 



log 



Z , 



Z s — Z4 



T 



(4)rr 
00 



Z r — Z\ y z g — Z\ 

[r,s = 2,3, r s), 



log 



Z r — Z\ 



Z s — Z4 
Z s — Z\ 



-2 log 2 
+ log(Z 4 - Z x 



a, 



log(Z r -Zt)- \og(Z r - Z A ) 
on 



a, 



log(Z,-^), (r = 2,3). 



(C.7) 



(C. 



l^r,l=l,- ,4 

By comparing them with zero mode dependence in the exponent of 

(R(5 t , Q t ) \e~% ( L o 5) +4 5) ) |y o(ltj 2tt5 6t))|^ (5 tj 3 U , 4*)) 



(C.9) 



(where (R(5 t , 6 t )| and |Vo(r, s, £)) are reflector ()A.9|) and 3-string vertex (jA.12|) respectively, with 
appropriate replacement and without projections) which represents Fig. |Hl we can make an 
identification: 



T 



(4)22 
00 



"5 T 22 
"00 T J 00 ' 

a 2 



^(4)23 
00 



«5 



A)0 7 



(CIO) 



up to pure imaginary constant where a.\ + a 2 + «3 + a 4 = , a 3 + a 4 + a 5 = . By fixing as 
Z\ = 00, Z2 = 1, Z4 = 0, we have some relations: 



z± 



■(2«i) 1 (a 34 + (X24Z3 ± Aa) , (a ii7 - := a f + oij) 



(C.ll) 
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A 

dT 



c? 2A Z\ + 2(a 2 a 3 + a,±ot\)Z 3 + a 



2 

34 ) 



A5 



T ._ T (3) _ _(1) 



(C.12) 
(C.13) 



Z 3 (l-Z 3 ) 

which are the same convention as in j^j Appendix C, and then we obtain a differential equation 
for determinant of Neumann coefficients with regularization parameter T: 



2 



log det (1 -T 66 T t 55 ' 



a^Os - (a 2 + a 4 )Z 3 ) 2 Z 3 (l - Z 3 ) 



dT2"°~""^ ~ ^ ' 4A 3 ' ^°' 14 ^ 

using ()C.2|) . ()C.5|) and (|C.10|I . This can be rewritten by subtracting the counterpart in the 
untwisted sector as: 



dT 2 



log 



3^55 -j 



det(l - f m f t 
det(l - A> 66 iVf ) 



d 2 
dT 2 



1 o^a^ai — di) 

"7 ooo H o a 

4 8a 4 



(C.15) 



where a is given in (C.18) [Hj. Around Z 3 ~ 0, we can estimate these determinants: log det (1 — 
f 66 f t 55 ) = C(Z 3 ),logdet(l - N m Np) = 0(Z 2 ) by definition. Therefore, we have obtained: 



log 



55 i 



det (1 -T 66 T/ 
det(l - N m N? 5 ) 
Q!40; 3 4 — ai(a 3 — «4 

16aiQ!4 



(C.16) 



_534 _ ,126 _ m 
"5 



- lOK Zq 



+ 



a 



ii 



16aia4 



log(l-^ 3 ), 



up to pure imaginary constant, where T$ k := J2 r =i j k ar 1°S \ a r I • m or der to evaluate the ratio of 
left and right hand side in ()3.30|) by regularizing the Neumann matrices with T such as Appendix 
B in jS], we take a 3 = —a 2 , «4 = — oc\ in particular, and we get 



log 



ro(a 2 1 -(ai+a 2 ) 1 ) 



(det(l -T 66 Tf )) 



(det(l-iV 66 iVf))^ 



16«i V «i + «2 



= C(T). (C.17) 

(Note that T ~ corresponds to Z 3 ~ 1.) This implies the relation ()3.3()|) for T — > +0. 



a 2 



logZ E 



D Evaluation of the coefficient q 

Using the similar method in Appendix O we cannot evaluate c t ()3.25|) because the counterpart 
in Fig. |U1 is 4-twisted string and we cannot refer to T^ 4 qq S in order to solve a differential equation 
such as (IC.2JI . Therefore, we consider a different regularization such as A2.2I Using (|3.22jl . (|3.2()jl 
and (|A.12jl . the determinant of Neumann coefficients is represented as: 

C' D ■= eT^K- 1 +« 2 - 1 )det-^(l- (f 3 " 3 ") 2 ) 

= ai+a a (p=0,W = 0\{\B n f) t ,a 1 *\B n f)t,a a )- (D.l) 
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We regularize C' D by inserting e~^^ Lo+L °~ 2at ^ in front of \B n f) t>olr (r = 1,2) where Lq — a t = 
J2 r >i/2 a -rGij a i + is an d L — a t = J2 r >i/2 &- r Gij®i + I n order to evaluate C' D using the 
method in £12.21 we should take degenerate limit of 

- U(0|f) J ~U(0|-l/r)J ' (D ' 2) 
which comes from evaluation of the amplitude in Fig. OD-b with Z2 cut along Rew = —1/2. 
Similarly, we regularize 

C D := det-T(l- (A> 33 ) 2 ) (D.3) 
= ai+a2 (p = 0,w = 0\(\B nf ) U!ai * \B nf ) U)a2 )(2n5(0)y D der2(2G) , 

(which follows from ()3.21j) ) and evaluate it by taking degenerate limit of 

(27r ( 5(0))- D det^(2G') u ( J Bn/|# (Lo+io "^ ) |5n/)« 
= (27r5(0))- D (det(2G))5 r/(-l/f)~ D Yl e~^ mGm , (D.4) 

m 

where we have used eqs. ()3.20|) and ()3.17|) . From ()D.2|) and ()D.4|) . the coefficient c t ()3.25|) is 

evaluated as 




c t = a — — = lim 



(det(2G))2 2 (O| - 1/t)t ^ _^ 
(2.5(0))- ,(_ 1/f )¥ ^ 6 ? 



= 2T(det(2G))4(27r5(0))-^. (D.5) 

We have used eqs. (jD.2|) and (|D.4|) instead of C' d ,Cd, respectively. Although this replacement 
itself is valid up to factor, their ratio C' d /Cd is invariant because they are related by the same 
conformal mapping (J2.4j) . 

In the case of Neumann type boundary states, we evaluate c t in the same way as above. In 
the twisted sector (C' D ), we can use the same value as the Dirichlet type (jD.2|) because of the 
identity: 

t (B mf ,F\q^ L ° +L °- 2 ^\B mf ,F) t = t (B nf \q^ +L ^\B nf ) t , (D.6) 

which follows from ()3.39|) . On the other hand, for untwisted sector, we replace (jD.4|) with 

(27r«5(0))- D det^(2G 1 ) u ( J B m /,F|g5( io+Zo ^)| J B m/ ,F) u 
= (27r5(0))- D (det(2Go 1 ))H(-l/f)^^e- 2 ^ miG o^, (D.7) 

m 

to evaluate Co- Note ()3.38|) and (J3.37j) comparing to ()D.3j) for the prefactor. We have 
used the modular transformation in (J3.34j) . This gives the ratio of the determinant c t = 
2?(det(2GQ 1 ))3(27r5(0)) - ^ and the coefficient of the twisted term of (J3.42J) . which is consis- 
tent with T-duality transformation: G — * Gq 1 compared to Dirichlet type idempotents (J3.24I) . 
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E Some formulae 



For the operators aj, al such as [a*, a A = 5ij and [a^, Oj] = [aj, aj] = 0, we have a normal ordering 
formula: 

g at Aa+ +aBa+ 1 (a 1 " Ca+aC^V )+Dat +Ea 

= det"2(l - C) e E mr=cj AE +DB i2(i- C) D +E 12(1-0 D (E.l) 

x e at(l-C , )- 1 Aat + (£; J 4+D(l-^)) (l-C T )- 1 at e _ a t \og(l-C)a ^(l-Cy 1 a+(E(l-% )+DB){1^C)- 1 a 

for matrices A, B, C, which satisfy the relations 

A T = A, B T = B, C 2 = 4AB, AC T = CA, C T B = BC, (E.2) 

and vectors D, E. This formula is obtained, for example, by using similar technique in 
Appendix A. 

We use following formulae in order to compute (J4.16|) explicitly: 

00 

sm nx 11 



Esiii nx 1 1 . . ... . 

— — = --x + -7re(x) , < 2tt) 



n=l 



^sinnxsinny x(tt - y) n(x - y) 

— 2 = 9 ^ 0(x-y), {-y <x <2ti -y) , (E.3) 



n 



where e(x), 9(x) are sign and step function respectively 
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